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Abstract: We present a geometric and algebraic investigation of a nonlinear evolution equation using the framework 

of exterior differential systems and Wahlquist- Estabrook prolongation method. The equation is formulated as a 

closed differential ideal generated by differential 2-forms, and its compatibility conditions are analyzed on an 

extended manifold. This analysis reveals strong algebraic constraints that force the associated prolongation 

generators to vanish, thereby excluding the existence of a nontrivial classical prolongation structure. In addition, a 

search for local conservation currents in the form of closed 1-forms shows that only trivial conserved quantities 

arise. These results indicate that the equation does not admit structural features typically associated with complete 

integrability within the present framework. 
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I.   INTRODUCTION 

Nonlinear evolution equations play a central role in mathematical physics and differential geometry, where they model a 

wide variety of diffusion, transport, and reaction phenomena. Of particular interest are equations that possess rich geometric 

structures, such as prolongation representations and conservation laws, since these features often indicate complete 

integrability and deeper analytic properties of such systems [1-3]. The geometric interpretation of integrable systems has 

provided powerful insights into their structure. Sasaki showed that a broad class of soliton equations admits a description 

in terms of pseudospherical surfaces of constant negative Gaussian curvature [4]. Similarly, Chern demonstrated that the 

sinh-Gordon equation has a natural geometric interpretation in the theory of surfaces of constant curvature [15]. Integrable 

models such as the sine-Gordon and sinh-Gordon equations have become fundamental examples in the study of soliton 

theory and geometric methods for nonlinear partial differential equations [4-6,15]. 

Prolongation methods and conservation laws provide powerful tools for investigating the integrability properties of 

nonlinear systems. These approaches have been successfully applied to a variety of evolution equations, revealing deep 

connections between Lie algebras, prolongation structures, and conservation laws [7, 9, 10, 16-18]. In particular, exterior 

differential systems provide a natural geometric framework for the study of such structures and their compatibility 

conditions. At the same time, symmetry methods and conservation laws have become central techniques for characterizing 

qualitative and structural properties of nonlinear differential equations [11-14]. 

In this paper, we investigate the nonlinear evolution equation 

𝑢𝑡 − 𝑢𝑥𝑥 + sinh(𝑢) = 0,                                                                                                                                                      (1) 

using the framework of exterior differential systems and the Wahlquist- Estabrook prolongation method. The equation is 

formulated as a closed differential ideal generated by differential forms, and the associated compatibility conditions are 

analyzed on an extended manifold. We show that the resulting algebraic constraints force the associated prolongation 

generators to vanish and lead only to trivial local conservation laws within the chosen ansatz. Consequently, the equation 
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does not admit a nontrivial classical prolongation structure within the present framework, providing a clear characterization 

of its integrability limitations within the present framework. 

II.   THE EXTERIOR DIFFERENTIAL SYSTEM 

We begin by reformulating the equation (1) within the framework of exterior differential systems, which provide a 

geometric method for representing nonlinear partial differential equations through differential forms and differential ideals 

and have been successfully applied to a variety of nonlinear evolution equations [7-10]. We introduce an auxiliary variable 

𝑧 representing the first spatial derivative 𝑧 = 𝑢𝑥. 

This allows us to express the equation (1)  

𝑢𝑥 = 𝑧, 𝑧𝑥 − 𝑢𝑡 = sinh(𝑢)                                                                                                                                             2. 

We establish an exterior differential system on a base manifold 𝑀 = ℝ4 with local coordinates {𝑥, 𝑡, 𝑢, 𝑧} that support 

differential forms. Such constructions are standard in the geometric theory of exterior differential systems and provide a 

convenient framework for investigating integrability properties of nonlinear equations [8, 10] 

We construct the differential ideal 𝐼 generated by the following exterior 2-forms 

𝛼1 = 𝑑𝑢 ∧ 𝑑𝑡 − 𝑧𝑑𝑥 ∧ 𝑑𝑡 

𝛼2 = 𝑑𝑧 ∧ 𝑑𝑡 + 𝑑𝑢 ∧ 𝑑𝑥 − sinh(𝑢) 𝑑𝑥 ∧ 𝑑𝑡                                                                                                                      3. 

The differential forms (3) are chosen so that their integral manifolds correspond to solutions of the original evolution 

equation, following the standard exterior differential systems approach [7-10]. 

The exterior derivatives of the 𝛼𝑗 can be written as 

𝑑𝛼1 = −𝑑𝑧 ∧ 𝑑𝑥 ∧ 𝑑𝑡 = 𝛼2 ∧ 𝑑𝑥 

𝑑𝛼2 = − cosh(𝑢) 𝑑𝑢 ∧ 𝑑𝑥 ∧ 𝑑𝑡 = cosh(𝑢) 𝑑𝑢 ∧ 𝑑𝑡 ∧ 𝑑𝑥 = cosh(𝑢) 𝛼1 ∧ 𝑑𝑥                                                         4, 

so that the ideal generated by {𝛼1, 𝛼2} is closed under exterior differentiation, that is 

𝑑𝛼𝑖 = ∑ ℎ𝑗 ∧ 𝛼𝑗

2

𝑗=1

                                                                                                                                                                     5, 

where ℎ𝑗 = ℎ𝑗(𝑥, 𝑡) are certain differential 1-forms. This shows that the differential ideal generated by {𝛼1, 𝛼2} is closed 

under exterior differentiation, which is the fundamental compatibility condition in the theory of exterior differential systems 

[8, 10]. On a transversal integral manifold, it follows that the differential system (3) can be sectioned to give 

𝛼1|𝑠 = (𝑢𝑥 − 𝑧) 𝑑𝑥 ∧ 𝑑𝑡 = 0 

𝛼2|𝑠 = (𝑢𝑡 − 𝑧𝑥 + sinh(𝑢) ) 𝑑𝑥 ∧ 𝑑𝑡 = 0                                                                                                                          6, 

 

The transversal integral manifolds correspond to the equations (2). 

These exterior differential formulations have been employed in the study of generalized Korteweg-de Vries equations and 

other nonlinear evolution equations, where they provide a natural starting point for prolongation analysis carried out in the 

next section [7-9]. 

III.   PROLONGATION STRUCTURES 

We now construct a Wahlquist-Estabrook type prolongation structure associated with the differential ideal (3). The 

prolongation method provides a geometric procedure for extending a differential system through pseudopotential variables 

and has proved to be an effective tool in the analysis of nonlinear evolution equations and their integrability properties [1, 

2]. 

Following the standard prolongation approach, we introduce the pseudopotential 1-form 

𝜔 = 𝑑𝑦 − 𝐹(𝑥, 𝑡, 𝑢, 𝑧, 𝑦)𝑑𝑥 − 𝐺(𝑥, 𝑡, 𝑢, 𝑧, 𝑦)𝑑𝑡, 𝜔 = 𝑑𝑦 − 𝜃,         𝜃 = 𝐴(𝑥, 𝑡)𝑑𝑥 + 𝐵(𝑥, 𝑡)𝑑𝑡                    7, 
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where 𝑦 is pseudopotential. This construction follows the classical Wahlquist-Estabrook prolongation approach, in which 

compatibility conditions on an extended manifold determine the admissible prolongation algebra associated with the 

differential system [1, 2]. 

 the exterior derivative 𝑑𝜔 lies in the ideal generated by the forms 𝛼𝑗 and 𝜔, that is 

𝑑𝜔 = ∑ 𝜆𝑗𝛼𝑗 + 𝜃 ∧ 𝜔

2

𝑗=1

.                                                                                                                                                          8. 

The requirement that 𝑑𝜔 belongs to the ideal generated by {𝛼1, 𝛼2, 𝜔} constitutes the fundamental prolongation condition 

and guarantees the consistency of extended differential system [1, 2, 9]. 

Expanding the right-hand side of (8) yields 

∑ 𝜆𝑗𝛼𝑗 + 𝜃 ∧ 𝜔

2

𝑗=1

= 𝜆1𝛼1 + 𝜆2𝛼2 + (𝐴𝑑𝑥 + 𝐵𝑑𝑡) ∧ (𝑑𝑦 − 𝐹𝑑𝑥 − 𝐺𝑑𝑡) 

= 𝜆1(𝑑𝑢 ∧ 𝑑𝑡 − 𝑧 𝑑𝑥 ∧ 𝑑𝑡) + 𝜆2(𝑑𝑧 ∧ 𝑑𝑡 + 𝑑𝑢 ∧ 𝑑𝑥 − sinh(𝑢) 𝑑𝑥 ∧ 𝑑𝑡) + 𝐴 𝑑𝑥 ∧ 𝑑𝑦 + 𝐵 𝑑𝑡 ∧ 𝑑𝑦 − 𝐴𝐺 𝑑𝑥 ∧ 𝑑𝑡

+ 𝐵𝐹 𝑑𝑥 ∧ 𝑑𝑡,                                                                                                                                     9, 

and the left-hand side of (8) 

𝑑𝜔𝑖 = 𝑑𝜔 = 𝑑[𝑑𝑦 − 𝐹(𝑢, 𝑥, 𝑡, 𝑧, y)𝑑𝑥 − 𝐺(𝑢, 𝑥, 𝑡, 𝑧, y)𝑑𝑡] = −𝑑𝐹 ∧ 𝑑𝑥 − 𝑑𝐺 ∧ 𝑑𝑡 

= 𝐹𝑢𝑑𝑥 ∧ 𝑑𝑢 − 𝐹𝑡𝑑𝑡 ∧ 𝑑𝑥 − 𝐹𝑧𝑑𝑧 ∧ 𝑑𝑥 − 𝐹y𝑑y ∧ 𝑑𝑥 − 𝐺𝑢𝑑𝑢 ∧ 𝑑𝑡 − 𝐺𝑥𝑑𝑥 ∧ 𝑑𝑡 − 𝐺𝑧𝑑𝑧 ∧ 𝑑𝑡 − 𝐺y𝑑y ∧ 𝑑𝑡  10. 

Comparing coefficients of the independent 2-forms on both sides yields the system 

𝐹𝑢 = −𝜆2, 𝐹𝑧 = 0, 𝐹y = 𝐴, 𝐺𝑢 = 𝜆1, 𝐺𝑧 = −𝜆2, 𝐺y = 𝐵, 

−𝜆1𝑧 − 𝜆2 sinh(𝑢) − 𝐴𝐺 + 𝐵𝐹 = 𝐹𝑡 − 𝐺𝑥 

𝑧𝐺𝑢 + 𝐹𝑢 sinh(𝑢) − [𝐹y𝐺 − 𝐺y𝐹] = 𝐹𝑡 − 𝐺𝑥 

𝑧𝐺𝑢 + 𝐹𝑢 sinh(𝑢) − [𝐹, 𝐺] = 𝐹𝑡 − 𝐺𝑥  ,                                                                                                                             11, 

where 𝐹𝑦𝐺 − 𝐺𝑦𝐹 = [𝐹, 𝐺]. To obtain an explicit prolongation, we restrict to the class where 𝐹 and 𝐺 are independent of 

(𝑥, 𝑡). In this case, the system (11) simplifies to 

𝐹 = 𝐹(𝑢, 𝑦), 𝐺 = 𝐺(𝑢, 𝑧, 𝑦) 

𝐺𝑧 = 𝐹𝑢, [𝐹, 𝐺] = 𝑧𝐺𝑢 + 𝐹𝑢 sinh(𝑢)                                                                                                                          12, 

Such reductions are commonly employed in prolongation analyses in order to isolate the essential algebraic structure 

generated by pseudopotential variables [9, 16]. 

Integrating the first equation (12) with respect to 𝑧, yields 

𝐺(𝑢, 𝑧, 𝑦) = 𝑧𝐹𝑢(𝑢, 𝑦) + 𝐻(𝑢, 𝑦)                                                                                                                                       13, 

where 𝐻 is an arbitrary function. Differentiating (13) with respect to 𝑢, we get 

𝐺𝑢 = 𝑧𝐹𝑢𝑢 + 𝐻𝑢                                                                                                                                                                      14.  

Substituting (13) and (14) into the second equation in (12), we obtain 

[𝐹, 𝑧𝐹𝑢 + 𝐻] = 𝑧(𝑧𝐹𝑢𝑢 + 𝐻𝑢) + 𝐹𝑢 sinh(𝑢)                                                                                                                     15 

𝑧[𝐹, 𝐹𝑢] + [𝐹, 𝐻]  = 𝑧2𝐹𝑢𝑢 + 𝑧𝐻𝑢 + 𝐹𝑢 sinh(𝑢)                                                                                                             16. 

Since 𝐹 and 𝐻 are independent of 𝑧, the coefficient of 𝑧2 must vanish, hence 𝐹𝑢𝑢 = 0 

This can be solved for 𝐹 to give 

𝐹(𝑢, 𝑦) = 𝑢𝑋1(𝑦) + 𝑋2(𝑦)                                                                                                                                                   17 
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where the 𝑋𝑖(𝑦) are vertical vector fields. Consequently (16) simplifies to 

𝑧[𝐹, 𝐹𝑢] + [𝐹, 𝐻]  = 𝑧𝐻𝑢 + 𝐹𝑢 sinh(𝑢)                                                                                                                             18. 

The coefficient 𝑧 implies that 

 [𝐹, 𝐹𝑢]  = 𝐻𝑢                                                                                                                                                                           19 

which using (17) immediately establishes basic commutators relations among the vectors field 

𝐻𝑢 = [𝑢𝑋1 + 𝑋2 , 𝑋1] = 𝑢[𝑋1, 𝑋1 ] + [𝑋2, 𝑋1]                                                                                     

𝐻𝑢 = [𝑋2, 𝑋1]                                                                                                                                                                           20 

Integrating (20) with respect to 𝑢 yields 

𝐻(𝑢, 𝑦) = −𝑢[𝑋1, 𝑋2] + 𝑋3(𝑦)                                                                                                                                            21 

The appearance of the vertical vector fields 𝑋𝑖 reflects the Lie-algebraic nature of the prolongation construction, where 

compatibility conditions generate commutation relations among prolongation generators [1, 2,16]. 

The coefficient 𝑧0 implies the condition 

 [𝐹, 𝐻]  = 𝐹𝑢 sinh(𝑢)                                                                                                                                                              22 

Substituting (17) and (21) into (19) and using linearity to expand out, we get 

[𝑢𝑋1 + 𝑋2, −𝑢[𝑋1, 𝑋2] + 𝑋3]  = 𝑋1 sinh(𝑢)                                                                                                                     23 

−𝑢2[𝑋1, [𝑋1, 𝑋2]] + 𝑢([𝑋1, 𝑋3] − [𝑋2, [𝑋1, 𝑋2]]) + [𝑋2, 𝑋3] = 𝑋1 sinh(𝑢) 

the left-hand side is polynomial of degree 2, while the right-hand side contains the full Taylor expansion of sinh(𝑢). 

Therefore, the identity can hold only if 

𝑋1 = 0, 𝐹𝑢 = 0, 𝐻𝑢 = 0, [𝑋2, 𝑋3] = 0 

and the prolongation structure is trivial. This proves that the equation does not admit a nontrivial classical prolongation 

structure. 

This conclusion differs significantly from the situation encountered in classical integrable equations, where rich finite and 

infinite dimensional prolongation algebras arise naturally form the corresponding compatibility conditions [17]. 

IV.   CONSERVATION LAWS 

Conservation laws constitute one of the most important structural indicators of integrability in nonlinear partial differential 

equations. Within the framework of differential forms, they are often characterized by closed differential forms whose 

existence reflects invariant geometric properties of the underlying system [11-14].  

We consider a differential 1-form 𝛾 satisfying the closure condition 

𝑑𝛾 = 0. 

This is the integrability condition for the existence of a potential 𝜔 such that 𝛾 = 𝑑𝜔, which implies 

𝑑𝛾 = 𝑑2𝜔 = 0. 

We first investigate conservation laws arising directly from the differential ideal by considering linear combinations of the 

basic 2-forms [10,13] 

𝜑 = ∑ ℎ𝑗𝛼𝑗

2

𝑗=1

                                                                                                                                                                           24, 

where ℎ𝑖 = ℎ𝑖(𝑢, 𝑧), and (24) satisfies the exactness condition 𝑑𝜑 = 0, yields a system of equations for ℎ1 and ℎ2. Solving 

these relations shows that 

ℎ1 = ℎ2 = 0                                                                                                                                                                            25. 
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Therefore, there are no nontrivial conservation laws of the form 𝜑 = ℎ1𝛼1 + ℎ2𝛼2. 

This indicates that the differential ideal itself does not generate nontrivial local conservation laws under the present ansatz. 

Next, we search for local conservation laws in the standard density-flux representation [11,14] 

𝛾 = 𝑓(𝑢, 𝑧)𝑑𝑥 + 𝑔(𝑢, 𝑧)𝑑𝑡, 𝑧 = 𝑢𝑥                                                                                                                           26, 

where 𝑓 represents the conserved density and 𝑔 the flux. This relation is characteristic of local conservation law calculations 

and consistent with the direct-construction method commonly employed in the literature [13, 14]. 

 The closure condition 𝑑𝛾 = 0, together with 

𝑢𝑡 = 𝑧𝑥 − sinh(𝑢)                                                                                                                                                                  27, 

gives 

(𝑔𝑧 − 𝑓𝑢) 𝑧𝑥 − 𝑓𝑧 𝑧𝑡 + 𝑓𝑢 sinh 𝑢 + 𝑧𝑔𝑢 = 0                                                                                                                    28. 

Since this identity must hold on solutions, we obtain 

𝑔𝑧 = 𝑓𝑢, 𝑓𝑧 = 0                                                                                                                                                               29. 

Hence 𝑓 = 𝑓(𝑢), and integrating the first relation (29) with respect to 𝑧, we get 

𝑔(𝑢, 𝑧) = 𝑧 𝑓𝑢(𝑢) + ℎ(𝑢)                                                                                                                                                     30, 

where ℎ(𝑢) is an arbitrary function of 𝑢. 

Substituting (30) into (28), we get 

𝑓𝑢 sinh 𝑢 + 𝑧(𝑧 𝑓𝑢𝑢 + ℎ′(𝑢)) = 0                                                                                                                                      31. 

Since the identity must hold for all 𝑧, we conclude that 

𝑓𝑢𝑢 = 0, ℎ′(𝑢) = 0, 𝑓𝑢 sinh 𝑢 = 0 ⟹ sinh 𝑢 ≠ 0, ⟹ 𝑓𝑢 = 0                                                                     32. 

Consequently, the density 𝑓 and the flux 𝑔 reduce to arbitrary constants, yielding the exact form 𝛾 = 𝑐1𝑑𝑥 + 𝑐2𝑑𝑡 is trivial. 

This confirms the algebraic rigidity of the system and shows that, within the chosen ansatz, it admits no nontrivial local 

conservation laws depending on the dynamic variable. This result is limited to local currents of the form 𝛾 = 𝑓(𝑢, 𝑧)𝑑𝑥 +

𝑔(𝑢, 𝑧)𝑑𝑡, while the existence of nonlocal conservation laws remains open. It is worth noting that nonlocal conservation 

laws [18] have been successfully derived for the sinh-Gordon equation through Backlund transformations and nonlocal 

symmetry techniques, leading to infinite hierarchies of conserved quantities. 

V.   CONCLUSION 

The nonlinear evolution equation was formulated as a closed exterior differential system and examined through the 

Estabrook-Wahlquist prolongation method. The compatibility conditions were found to eliminate all nontrivial prolongation 

generators, while the analysis of closed 1-forms produced only trivial local conservation laws. Consequently, no nontrivial 

classical prolongation structure and no nontrivial local conservation law were detected within the present framework. which 

clarifies the integrability limitation of the model. 
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